Abstract. In this paper, using the theory developed in [8] , we obtain some results of a totally new type about a class of non-local problems. Here is a sample:
Introduction
Here and in what follows, Ω ⊂ R n (n ≥ 3) is a bounded domain with smooth boundary and a, b ∈ R, with a ≥ 0 and b > 0.
Consider the non-local problem
h : Ω × R → R being a Carathéodory function.
In the past years, many papers have been produced on the existence and multiplicity of weak solutions for this problem. Usual reference papers are [1] , [2] , [4] , [5] , [6] , [10] .
In the present note, we are interested in the multiplicity of solutions of the above problem under the following new aspect which has not been considered before: among the solutions of the problem, at least two are global minima of the energy functional.
But, more generally, the global structure itself of the conclusions we reach is novel at all, so that no proper comparison of our results with the previous ones in the field can be made.
For instance, the following proposition summarizes very well the novelties of our main result (Theorem 1) of which it is the simplest particular case: PROPOSITION 1. -Let n ≥ 4, let ν ∈ R and let p ∈ 0, n+2 n−2 . Then, for each λ > 0 large enough and for each convex set C ⊆ L 2 (Ω) whose closure in L 2 (Ω) contains H 1 0 (Ω), there exists v * ∈ C such that the problem
on ∂Ω has at least three solutions, two of which are global minima in
What allows us to obtain results of this totally new type is the use of theory we have recently developed in [8] .
Results
On the Sobolev space H 1 0 (Ω), we consider the scalar product
and the induced norm
We denote by A the class of all Carathéodory functions f :
for some p ∈ 0, n+2 n−2 . Moreover, we denote byÃ the class of all Carathéodory functions g :
for some q ∈ 0, 2 n−2 . Furthermore, we denote byÂ the class of all functions h : Ω × R → R of the type
with f ∈ A, g ∈Ã and α ∈ L 2 (Ω). For each h ∈Â, we define the functional I h :
where
By classical results (involving the Sobolev embedding theorem), the functional I h turns out to be sequentially weakly continuous, of class C 1 , with compact derivative given by
Now, let us recall that, given h ∈Â, a weak solution of the problem
(Ω). Hence, the weak solutions of the problem are precisely the critical points in H 1 0 (Ω) of the functional Φ − I h which is said to be the energy functional of the problem.
Here is our main result: THEOREM 1. -Let n ≥ 4, let f ∈ A and let g ∈Ã be such that the set
has a positive measure. Then, there exist λ * ≥ 0 such that, for each λ > λ * and for each convex set
has at least three weak solutions, two of which are global minima in
If, in addition, the functional
has at least two global minima in H 1 0 (Ω) and the function G(x, ·) is strictly monotone for all x ∈ Ω, then λ * = 0.
The main tool we use to prove Theorem 1 is Theorem C below which is, in turn, a direct consequence of two other results recently established in [8] .
To state Theorem C in a compact form, we now introduce some notations.
Here and in what follows, X is a non-empty set, V, Y are two topological spaces, y 0 is a point in Y . We denote by G the family of all lower semicontinuous functions ϕ :
Moreover, we denote by H the family of all functions Ψ : X × V → Y such that, for each x ∈ X, Ψ(x, ·) is continuous, injective, open, takes the value y 0 at a point v x and the function x → v x is not constant. Furthermore, we denote by M the family of all functions J : X → R whose set of all global minima (noted by M J ) is non-empty.
Finally, for each ϕ ∈ G, Ψ ∈ H and J ∈ M, we put
When X is a topological space, a function ψ : X → R is said to be inf-compact if
THEOREM B ( [8] , Theorem 3.2). -Let X be a topological space, E a real Hausdorff topological vector space, C ⊆ E a convex set, f : X × C → R a function which is lower semicontinuous and inf-compact in X, and upper semicontinuous and concave in C. Assume also that
Then, there exists v * ∈ C such that the function f (·, v * ) has at least two global minima in X.
THEOREM C. -Let ϕ ∈ G, Ψ ∈ H and J ∈ M. Moreover, assume that X is a topological space, that V is a real Hausdorff topological vector space and that ϕ(Ψ(x, ·)) is convex and continuous for each x ∈ X. Finally, let λ > θ(ϕ, Ψ, J) and let C ⊆ V be a convex set, with {v x : x ∈ X} ⊆ C, such that the function x → J(x) − λϕ(Ψ(x, v)) is lower semicontinuous and inf-compact in X for all v ∈ C.
Under such hypotheses, there exists v * ∈ C such that the function x → J(x) − λϕ(Ψ(x, v * )) has at least two global minima in X.
PROOF. Set D = {v x : x ∈ X} and, for each (
Theorem A ensures that sup
But, since f (x, ·) is continuous and D ⊆ C, we have
for all x ∈ X, and hence, taking (3) into account, it follows that
At this point, the conclusion follows applying Theorem B to the restriction of the function f to X × C. △
Proof of Theorem 1. For each
for all (x, ξ) ∈ Ω × R. Clearly, the function h λ,v lies inÂ and
Moreover, if p ∈ 0, n+2 n−2 and q ∈ 0, 2 n−2 are such that (1) and (2) hold, for some constant c λ,v , we have
for all u ∈ H 1 0 (Ω). Therefore, by the Sobolev embedding theorem, for a constantc λ,v , we have
for all u ∈ H 1 0 (Ω). On the other hand, since n ≥ 4, one has
Consequently, from (4), we infer that
Since the functional Φ − I h λ,v is sequentially weakly lower semicontinuous, by the Eberlein-Smulyan theorem and by (5), it follows that it is inf-weakly compact. Now, we are going to apply Theorem C taking X = H 1 0 (Ω) with the weak topology, V = Y = L 2 (Ω) with the strong topology and y 0 = 0. Also, we take
for all w ∈ L 2 (Ω). Clearly, ϕ ∈ G. Furthermore, we take
is a homeomorphism, and we have
We now show that the map u → v u is not constant in
By assumption, meas(A) > 0. Then, by the classical Scorza-Dragoni theorem ( [3] , Theorem 2.5.19), there exists a compact set K ⊂ A, of positive measure, such that the restriction of G to K × R is continuous. Fix a pointx ∈ K such that the intersection of K and any ball centered atx has a positive measure. Of course, the function G(x, ·) is not constant. Fix ξ 1 , ξ 2 ∈ R such that
By continuity, there is a closed ball B(x, r) such that
for all x ∈ K ∩ B(x, r). Finally, consider two functions u 1 , u 2 ∈ H 1 0 (Ω) such that
for all x ∈ K ∩ B(x, r). Hence, as meas(K ∩ B(x, r)) > 0, we infer that v u1 = v u2 , as claimed. As a consequence, Ψ ∈ H. Of course, ϕ(Ψ(u, ·)) is continuous and convex for all u ∈ X. Finally, take
Clearly, J ∈ M. So, for what seen above, all the assumptions of Theorem C are satisfied. Consequently, if we take
and fix λ > λ * and a convex set
(Ω)}, there exists v * ∈ C such that the functional Φ − I h λ,v * has at least two global minima in H 1 0 (Ω) which are, therefore, weak solutions of the problem we are dealing with. To guarantee the existence of a third solution, denote by k the inverse of the restriction of the function at + bt 3 to [0, +∞[. Let T : X → X be the operator defined by
Since k is continuous and k(0) = 0, the operator T is continuous in X. For each u ∈ X \ {0}, we have
In other words, T is a continuous inverse of Φ ′ . Then, since I ′ h λ,v * is compact, the functional Φ − I h λ,v * satisfies the Palais-Smale condition ( [9] , Example 38.25) and hence the existence of a third critical point of the same functional is assured by Corollary 1 of [7] .
Finally, assume that the functional Φ − I f has at least two global minima, sayû 1 ,û 2 . So, the set Γ := {x ∈ Ω :û 1 (x) =û 2 (x)} has a positive measure. By assumption, we have
for all x ∈ Γ, and hence vû 1 = vû 2 . Then, by definition, we have
and so λ * = 0 in view of (6) . △ REMARK 1. -In Theorem 1, the assumption made on g (besides g ∈Ã) is essential. Indeed, if g(x, ξ) = 0 for almost every x ∈ Ω and for every ξ ∈ R, then, taking f = 0 (which is an allowed choice), the problem would have the zero solution only. REMARK 2. -The assumption n ≥ 4 is likewise essential. Indeed, Proposition 1 (which comes from Theorem 1 taking f (x, ξ) = ν|ξ| p−1 ξ and g(x, ξ) = 1) does not hold if n = 3 and ν > 0. To see this, take p = 4 (which is compatible with the condition p < n+2 n−2 when n = 3) and observe that the corresponding energy functional is unbounded below.
Besides Proposition 1, among the consequences of Theorem 1, we highlight the following THEOREM 2. -Let n ≥ 4, let f ∈ A and let g ∈Ã be such the set
has a positive measure. Moreover, assume that, for each x ∈ Ω, f (x, ·) is odd, g(x, ·) is even and G(x, ·) is strictly monotone.
Then, for every λ > 0, there exists µ * > 0 such that, for each µ > µ * and for each convex set
PROOF. Set .
Fix µ > µ * . Hence Φ(ũ) − µI f (ũ) + λ 2 I Gg (ũ) < 0 .
From this, we infer that the functional Φ − µI f + λ 2 I Gg possesses at least to global minima since it is even. At this point, we can apply Theorem 1 to the functions g and µf − λGg. Our current conclusion follows from the one of Theorem 1 since we have λ * = 0 and hence we can take the same fixed λ > 0. △ We conclude by proposing two very challenging problems assuming n ≥ 4. 
